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In this article we prove an analytic inequality which has important applications
to the estimation for the moments of guessing mappings which were recently
wintroduced in the literature by J. L. Massey ``IEEE International Symposium on
x wInformation Theory, 1994,'' Trondheim, Norway, p. 204 and E. Arikan IEEE
Ž . xTrans. Inform. Theory 42 1996 , 99]105 . Q 1998 Academic Press
1. INTRODUCTION
w xIn the article 4 , we proved the following analytic inequalities:
w xTHEOREM A. Let a g 0, 1 , i s 1, . . . , n. Theni
2n n n nn q 1 Ý a Ý ia n q 1 Ý a Ý ais1 i is1 i is1 i is1 iF F 2 y . 1Ž .ž / ž /2 n n 2 n n
Both inequalities are sharp in the sense that the constant 2 from the
denominator cannot be impro¤ed;
and
THEOREM B. Let m F y F M for i s 1, . . . , n. Theni
2nn n q 1 1 1 1Ž .
m q ? 1 q nm y yÝ iž / ž /2 M y m 2 n is1
n nn n q 1 1 1 1Ž .
F iy F M y ? 1 q nM y y 2Ž .Ý Ýi iž / ž /2 M y m 2 nis1 is1
pro¤ided that M / m.
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w xIn the article 4 , we used the preceding results to point out some upper
and lower bounds for the average number of guesses complementing in a
w xsense the previous results of Arikan 2 .
Ž . Ž .In this article we are able to prove some generalizations of 1 and 2
which can be ultimately applied for the moments of guessing mappings
obtaining in this way some new bounds in terms of the size of the random
variable involved in that guessing strategy. Note that Arikan's lower
Žbounds are expressed in terms of the probability distributions see also
.Section 3 .
2. THE RESULTS
For p ) 0 and n a natural number with n G 1, we define
n
pS n [ j ,Ž . Ýp
js1
and
S nŽ .p
G n [ .Ž .p pq1n
Ž .The following property of monotonicity for the sequence G ? holds.p
THEOREM 2.1. Let p G 1, p g R. Then
Ž .i We ha¤e the following lower bound,
p
n q 1Ž .
G n G ; for all n G 1; 1Ž . Ž .p pq1 pq1n q 1 y nŽ .
Ž . Ž .ii The sequence G ? is nonincreasing, i.e.,p
G n q 1 F G n , for all n G 1. 2Ž . Ž . Ž .p p
We shall prove first the following lemma which is required in the
following.
LEMMA 2.2. For all p G 1, p g R, and n G 1 we ha¤e the inequality,
p p 2 pq1pq1n q 2 n q n q 1 G n q 1 . 3Ž . Ž . Ž . Ž .
Ž . p w .Proof. If p G 1, then the mapping f x s x is convex in 0, ‘ and
thus,
pp pa x q b y a x q b y
G ,ž /a q b a q b
for a , b G 0 with a q b ) 0 and x, y G 0.
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Ž . Ž .Ž .Choose a s n, b s 1, x s n n q 2 , and y s n q 1 n q 2 to get
p p p
n n n q 2 q n q 1 n q 2Ž . Ž . Ž .
n q 1
p
n n n q 2 q n q 1 n q 2Ž . Ž . Ž .
G ,
n q 1
which is equivalent to
pp p ppq1 3 2n n q 2 q n q 1 n q 2 n q 3n q 3n q 2Ž . Ž . Ž .
G . 4Ž .ž /n q 1 n q 1
But, obviously,
33 2n q 3n q 3n q 2 ) n q 1 ,Ž .
and thus,
pp 33 2n q 3n q 3n q 2 n q 1Ž . 2 pG s n q 1 . 5Ž . Ž .ž /n q 1 n q 1
Ž . Ž . Ž .Now, using 4 and 5 we deduce 3 .
Ž .Proof of Theorem. i We shall prove by induction over n. For n s 1
we get
2 p
1 G ,pq12 y 1
i.e.,
2 pq1 G 2 p q 1,
which is true for p G 1.
Ž .Suppose that 1 holds and let us prove that
p
n q 2Ž .
G n q 1 G ,Ž .p pq1 pq1n q 2 y n q 1Ž . Ž .
i.e.,
p pq1n q 2 n q 1Ž . Ž .
S n q 1 G .Ž .p pq1 pq1n q 2 y n q 1Ž . Ž .
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But
p
S n q 1 s S n q n q 1 ,Ž . Ž . Ž .p p
and then the previous inequality is equivalent with
p Pq1n q 2 n q 1Ž . Ž .p
S n q n q 1 G . 6Ž . Ž . Ž .p pq1 pq1n q 2 y n q 1Ž . Ž .
By induction hypothesis we have that
p pq1n q 1 nŽ .
S n G ,Ž .p pq1 pq1n q 1 y nŽ .
which gives us
p
S n q n q 1Ž . Ž .p
p pq1n q 1 nŽ . pG q n q 1Ž .pq1 pq1n q 1 y nŽ .
p p2 pq1pq1 pq1n q 1 n q n q 1 y n q 1 nŽ . Ž . Ž .
s pq1 pq1n q 1 y nŽ .
2 pq1n q 1Ž .
s .pq1 pq1n q 1 y nŽ .
Ž .To prove 6 , it is sufficient to show that
p2 pq1 pq1n q 1 n q 2 n q 1Ž . Ž . Ž .
G ,pq1 pq1 pq1pq1n q 1 y n n q 2 y n q 1Ž . Ž . Ž .
which is equivalent with
p p
n q 1 n q 2Ž . Ž .
G ,pq1 pq1 pq1pq1n q 1 y n n q 2 y n q 1Ž . Ž . Ž .
or with
p pq1 pq1n q 1 n q 2 y n q 1Ž . Ž . Ž .
ppq1 pq1G n q 1 y n n q 2 ,Ž . Ž .
DRAGOMIR AND VAN DER HOEK546
i.e.,
p pq1 2 pq1n q 1 n q 2 y n q 1Ž . Ž . Ž .
p ppq1 pq1G n q 1 n q 2 y n n q 2 ,Ž . Ž . Ž .
which is equivalent with
p p ppq1 pq1 pq1n q 1 n q 2 y n q 1 n q 2 q n n q 2Ž . Ž . Ž . Ž . Ž .
2 pq1G n q 1 ,Ž .
i.e.,
p 2 pq1pq1n q 2 n q 1 q n G n q 1 ,Ž . Ž . Ž .
which is exactly the inequality in Lemma 2.2.
Ž .ii Let us compute
S n S n q 1Ž . Ž .p p
G n y G n q 1 s yŽ . Ž .p p pq1 pq1n n q 1Ž .
p
S n S n q n q 1Ž . Ž . Ž .p ps ypq1 pq1n n q 1Ž .
1 1 1
s S n y yŽ .p pq1 pq1 n q 1n n q 1Ž .
pq1 pq1n q 1 y n 1Ž .
s S n y .Ž .p pq1pq1 n q 1n n q 1Ž .
Note that
G n y G n q 1 G 0,Ž . Ž .p p
iff
p pq1n q 1 nŽ .
S n G ,Ž .p pq1 pq1n q 1 y nŽ .
Ž .which is actually the inequality 1 .
The proof of the theorem is thus finished.
We are able now to state the main result of this section which is a new
analytic inequality having interesting applications for the moments of
guessing mappings.
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THEOREM 2.3. Let 0 F a F 1, j s 1, n. Then we ha¤e the inequality,j
pq1n n
pj a G G n a , 7Ž . Ž .Ý Ýj p jž /
js1 js1
for all p G 1, p g R, where as pre¤iously
S nŽ .p
G n [ ,Ž .p pq1n
and
n
pS n [ j .Ž . Ýp
js1
Ž . Ž . ŽThe inequality 7 is sharp, in the sense that the constant G n dependingp
. Ž .on p and n cannot be replaced by a bigger constant so that 7 would remain
w xtrue for e¤ery a g 0, 1 , j s 1, . . . , n.j
w xProof. For a g 0, 1 , i s 1, . . . , n, set the mapping,i
n
p pF a , . . . , a [ j y G n S a ,Ž . Ž .Ý1 n p j
js1
where S [ Ýn a .js1 j
Ž . w xWe need to show that F a , . . . , a G 0 for all a g 0, 1 , j s 1, . . . , n.1 n j
w xnLet a , a , . . . , a be choices of a , . . . , a which minimize F on 0, 1 .Ã Ã Ã1 2 n 1 n
We claim the following:
For any k ) l the following cannot hold: a - 1 and a ) 0.Ã Ãl k
Let us suppose the contrary for some k ) l, a - 1, and a ) 0. Make aÃ Ãl k
choice a [ a if j / k, l and a y « , a s a q a q « , where « ) 0 is soÃ Ã Ã Ãj j k l l l
n nw xsmall that a , a g 0, 1 . Thus S [ Ý a s Ý a andÃk l js1 j js1 j
l pF a , . . . , a q F a , . . . , a s « k y l ) 0,Ž .Ž .Ã ÃŽ .1 n 1 n
which is a contradiction to the optimality of a , j s 1, . . . , n.Ãj
We now consider some consequences. The first one is
a G a G ??? G a , 8Ž .Ã Ã Ã1 2 n
 4i.e., the sequence a is nonincreasing.Ãi is 1, n
Ž .Indeed, if we would assume that 8 does not hold, then there exists
 4k g 1, . . . , n so that a ) a and hence a ) 0 and a - 1, whichÃ Ã Ã Ãkq1 k kq1 k
contradicts the statement we proved before.
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The second consequence is
a s 0 or 1 each j s 1, 2, . . . , n. 9Ž .Ãj
Ž .Suppose that a g 0, 1 , these a s 0 for j G k q 1 and a s 1 for j FÃ Ã Ãk j j
k y 1, else we have a contradiction to our claim in the foregoing text.
Now, set
ÃF a [ F a , a , . . . , a , a , a , . . . , a .Ž . Ã Ã Ã Ã Ãž /k 1 2 ky1 k kq1 n
Then a simple calculation shows us that
2 Ã› F
py1s yp p q 1 G n S - 0,Ž . Ž .p2› an
Ž .where S s k y 1 q a .k
Ã w xSo F attains a minimum on 0, 1 at either a s 0 or a s 1, a contradic-k k
Ž .tion to a g 0, 1 . In summaryÃk
a s 1, j s 1, . . . , n*,Ãj
a s 0, j s n* q 1, . . . , n ,Ãj
and so
pq1F a , . . . , a s S n* y G n n*Ž . Ž . Ž .Ã ÃŽ .1 n p p
pq1s n* G n* y G nŽ . Ž . Ž .p p
G 0,
Ž . Ž Ž ..by the monotonicity of G ? see Theorem 2.1, ii .p
Ž . Ž .Now, assume that 7 is valid for a g n , i.e.,p
pq1n n
pj a G g n a ,Ž .Ý Ýj p jž /
js1 js1
w xfor all a g 0, 1 , j s 1, . . . , n. If we choose a s 1, j s 1, . . . , n, wej j
deduce
Ýn j pjs1
g n F s G n ,Ž . Ž .p ppq1n
which completes the proof.
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The following corollaries are important in applications.
w xCOROLLARY 2.4. Let a g 0, 1 , j s 1, . . . , n. Then we ha¤e the in-j
equality,
2n n1 1
ja G 1 q a .Ý Ýj jž / ž /2 njs1 js1
1The constant is sharp.2
Remark 2.5. For the direct proof of this inequality as well as its
w xapplications, see the article in 4 .
w xCOROLLARY 2.6. Let a g 0, 1 , j s 1, . . . , n. Then we ha¤e the in-j
equality,
3n n1 1 1
2j a G 1 q 2 q a .Ý Ýj jž / ž / ž /6 n njs1 js1
1The constant is sharp.6
The following corollary also holds.
w xCOROLLARY 2.7. Let a g 0, 1 , j s 1, . . . , n. Then we ha¤e the in-j
equality,
42n n1 1
3j a G 1 q a .Ý Ýj jž / ž /4 njs1 js1
1The constant is sharp.4
Now, if we assume that we know more information about a sequence x ,i
i.e., m F x F M, i s 1, . . . , n we can estimate its moment Ýn j p x asi js1 j
follows.
THEOREM 2.8. Assume that x , i s 1, . . . , n are real numbers so thati
Ž .m F x F M i s 1, . . . , n with m / M. Then we ha¤e the double inequality,i
pq1n1
pq1G n mn q x y mnŽ . Ýpp iž /M y mŽ . is1
n
pF i xÝ i
is1
pq1n1
pq1F G n Mn y Mn y x ,Ž . Ýpp iž /M y mŽ . is1
where p g R, p G 1.
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Ž . Ž . w xProof. 1. Define a s x y m r M y m g 0, 1 , i s 1, . . . , n; andi i
apply Theorem 2.3 for a to geti
pq1n nx y m x y mi ipi G G n ,Ž .Ý Ýpž / ž /M y m M y mis1 is1
i.e.,
pq1n nG nŽ .ppi x y mS n G x y nm ,Ž .Ý Ýpi p iž /M y mŽ .is1 is1
which is equivalent to
pq1n n1
p pq1i x G G n mn q x y nm .Ž .Ý Ýpi p iž /M y mŽ .is1 is1
Ž . Ž . w x2. Define now a s m y x r M y m g 0, 1 , i s 1, . . . , n and ap-i i
ply Theorem 2.3 for a to geti
pq1n nM y x M y xi ipi G G n ,Ž .Ý Ýpž / ž /M y m M y mis1 is1
i.e.,
pq1n nG nŽ .ppMS n y i x G Mn y x ,Ž . Ý Ýpp i iž /M y mŽ .is1 is1
which is equivalent to
pq1n n1
p pq1i x F G n Mn y Mn y x ,Ž .Ý Ýpi p iž /M y mŽ .is1 is1
and the theorem is proved.
w xCOROLLARY 2.9. If x g 0, 1 , i s 1, . . . , n, then we ha¤e the doublei
inequality,
pq1 pq1n n n
p pq1G n x F i x F G n n y n y x .Ž . Ž .Ý Ý Ýp i i p iž / ž /
is1 is1 is1
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3. APPLICATIONS FOR THE MOMENTS OF
GUESSING MAPPINGS
w xJ. L. Massey in 1 considered the problem of guessing the value of a
realization of a random variable X by asking questing of the form ``Is X
equal to x?'' until the answer is ``Yes.''
Ž .Let G x denote the number of guesses required by a particular guess-
ing strategy when X s x.
Ž Ž ..Massey observed that E G X , the average number of guesses, is
minimized by a guessing strategy that guesses the possible values of X in
decreasing order of probability.
We begin by giving a formal and generalized statement of the preceding
w xproblem by following E. Arikan 2 .
Ž .Let X, Y be a pair of random variables with X taking values in a finite
set X of size n, Y taking values in a countable set Y . Call a function
Ž .  4G X of a random variable X a guessing function for X if G: X “ 1, . . . , n
Ž .is one-to-one. Call a function G X N Y a guessing for X gi¤en Y, if, for any
Ž . Ž .fixed value Y s y, G X N y is a guessing function for X. G X N Y is
thought of as the number of guesses required to determine X where the
value of Y is given.
Ž . Ž .The following inequalities on the moments G X and G X N Y were
w xproved by E. Arikan in the article in 2 .
Ž . Ž .THEOREM 3.1. For an arbitrary guessing function G X and G X N Y
and any p G 0, we ha¤e
1qp
p yp Ž .1r 1qpE G X G 1 q ln n P x ,Ž . Ž . Ž .Ž . Ý X
xgX
and
1qp
p yp Ž .1r 1qpE G X N Y G 1 q ln n P x , y ,Ž . Ž . Ž .Ý Ý X , Y
ygY xgX
Ž .where P , P are probability distributions of X, Y and X, respecti¤ely.X , Y X
Note that, for p s 1, we get the following estimations on the average
number of guesses,
21r2Ý P xŽ .x g X X
E G X G ,Ž .Ž .
1 q ln n
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and
21r2Ý Ý P x , yŽ .y g X x g X X , Y
E G X N Y G .Ž .Ž .
1 q ln n
To simplify the notation further, we assume that the x are numberedi
such that x is always the k th guess. This yieldsk
n
p pE G s k p , p G 0 .Ž . Ž .Ý k
ks1
w xIn the article in 3 , BoztasË proved the following analytic inequality and
applied it for the moments of guessing mapping:
THEOREM 3.2. The relation,
rn n
r1r r rp G k y k y 1 p , 1Ž . Ž .Ž .Ý Ýk k
ks1 ks1
where r G 1, holds for any positi¤e integer n, pro¤ided that the weights
p , . . . , p are nonnegati¤e real numbers satisfying the condition,1 n
1
1r r 1r r 1r rp F p q ??? qp , k s 1, . . . , n y 1. 2Ž .Ž .kq1 1 kk
Ž .If we consider the guessing problem, we note that 1.1 can be written
w xas 3 ,
1qpn
1qp1rŽ1qp. 1qpp G E G y E G y 1 ,Ž . Ž .Ý k
ks1
Ž .for guessing sequences obeying 1.2 .
Ž .1qpIn particular, using the binomial expansion of G y 1 we have the
w xfollowing corollary 3 :
Ž .COROLLARY 3.3. For guessing sequences obeying 1.2 with r s 1 q m,
the mth guessing moment, where m G 1 is an integer, satisfies
1qmn1 1 m q 1m 1rŽ1qm. my1E G F p q E GŽ . Ž .Ý k ½ ž /21 q m 1 q mks1
mq 1m q 1 my 1y E G q ??? q y1 .Ž . Ž . 5ž /3
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The following immediately follow from Corollary 3.3,
2n1 1
1r2E G F p q ,Ž . Ý k2 2ks1
and
3n1 1
2 1r3E G F p q E G y .Ž . Ž .Ý k3 3ks1
w xIn the recent article in 5 , S. S. Dragomir and J. van der Hoek proved
the following estimation results for the moments of an arbitrary guessing
function:
THEOREM 3.4. Let x be a random ¤ariable ha¤ing the probability distribu-
Ž . Ž .tion p s p i s 1, . . . , n . Then we ha¤e the inequality,i
pn1 n n y 1Ž .p pE G X y i F P y P , 3Ž . Ž . Ž .Ž . Ý M mn 4is1
where
 4P [ max p N i s 1, . . . , n ,M i
and
 4P [ min p N i s 1, . . . , n ,m i
and p ) 0.
Ž .Remark 3.5. If we put in 3.3 p s 1, we get
n q 1 n n y 1Ž .
E G X y F P y P .Ž . Ž .Ž . M m2 4
Ž .If we choose in 2.3 p s 2 we get
2n q 1 2n q 1 n n y 1Ž . Ž . Ž .2E G X y F P y P ,Ž . Ž .Ž . M m6 4
and, finally, for p s 3, we obtain
2 3n n q 1 n n y 1Ž . Ž .3E G X y F P y P .Ž . Ž .Ž . M m4 4
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The following theorem, which is closely connected with BoztasË' result,
w xalso holds 5 :
THEOREM 3.6. With the pre¤ious assumption, we ha¤e the inequality,
p q 1 p q 1p py1E G X y E G XŽ . Ž .Ž . Ž .ž / ž /1 2
p q 1pq1 pq2 pq1q ??? q y1 E G X q y1 y nŽ . Ž . Ž .Ž .ž /1
p q 1 n pq1Ž .
F P y P 4Ž . Ž .M m4
pro¤ided that p g N, p G 1.
Ž .Remark 3.7. If in 4 we put p s 1, we get
2 2n q 1 n
E G X y F P y P ,Ž . Ž .Ž . M m2 4
and if we choose p s 2 we get
3 3n y 1 n2E G X y E G X y F P y P .Ž . Ž . Ž .Ž .Ž . M m3 4
Finally, using a counterpart of Jensen's inequality they proved the
following result:
Ž .THEOREM 3.8. Let X be a random ¤ariable and let G X be an arbitrary
guessing function.
Ž .1 If p G 1, then we ha¤e the inequality,
pp
0 F E G X y E G XŽ . Ž .Ž .Ž .
p py1F p E G X y E G X E G X .Ž . Ž . Ž .Ž .Ž . Ž .
Ž . Ž .2 If p g 0, 1 , then we ha¤e the in¤erse inequality, i.e.,
p p
0 F E G X y E G XŽ . Ž .Ž . Ž .
ppy1F p E G X E G X y E G X .Ž . Ž . Ž .Ž . Ž .Ž .
We are able now to give some new results for the moments of guessing
mappings using the analytic inequalities obtained before.
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Ž .THEOREM 3.9. For an arbitrary guessing function G X and any p G 1
we ha¤e the estimation,
p pq1pq1G n F E G X F G n n y n y 1 , 5Ž . Ž . Ž . Ž . Ž .Ž .p p
where, in the preceeding text,
S nŽ .p
G n [ ,Ž .p pq1n
and
n
pS n [ i .Ž . Ýp
is1
The proof goes by Corollary 2.8 choosing x s p and taking intoi i
account that Ýn p s 1.is1 i
Ž .Remark 3.10. 1. If in 5 we choose p s 1, we get
1 1 1 1
1 q F E G X F 1 q 2n y 1 , 6Ž . Ž . Ž .Ž .ž / ž /2 n 2 n
w xwhich was a result in 4 obtained there as a consequence of Theorem A
Ž .see the Introduction .
Ž .2. If in 5 we choose p s 2, then we get
1 1 1 21 q 2 q F E G XŽ .Ž .ž / ž /6 n n
1 1 1
F 1 q 2 q 3n n y 1 q 1 . 7Ž . Ž .ž / ž /6 n n
Ž .3. If in 5 we choose p s 3, then we get
2 21 1 1 13 221 q F E G X F 1 q 2n y 1 n q n y 1 . 8Ž . Ž . Ž . Ž .Ž .ž / ž /n n 4 n
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Ž .If we know more information about the probabilities p i s 1, . . . , ni
then we get better estimates as follows:
THEOREM 3.11. Assume that P / P for a gi¤en random ¤ariable X ofM m
the size n. Then we ha¤e the estimates,
1 pq1pq1G n P n q 1 y nPŽ . Ž .pp m mP y PŽ .M m
pF E G XŽ .Ž .
1 pq1pq1F G n P n y nP y 1 , 9Ž . Ž . Ž .pp M MP y PŽ .M m
for all p G 1.
The proof goes by Theorem 2.7 applied for x s p , m s P , andi i m
M s P taking into account that Ýn p s 1.M is1 i
Ž .Remark 3.12. If in 9 we choose p s 1, we get
1 1 P P n2 y 2nP q 1m M m
1 qž /2 n P y PM m
F E G XŽ .Ž .
1 1 yP P n2 q 2 P n y 1M m MF 1 q ,ž /2 n P y PM m
w xwhich is another result from the article in 4 obtained there as a direct
Ž .consequence of Theorem B see the Introduction .
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